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Abstract—The conservation laws in a nonlinear elastic dislocation continuum are studied by
combining Noether's theorem with the Nonriemannian geometric theory. The distortion tensors
are newly defined in the Lagrangian description and in the Eulerian description in terms of
vielbein theory. which results in some simplifications in the theoretical derivation of these laws.
The first step of the derivation is to build up two basic equations of variational invariance by
applying simultaneously Noether's theorem 1o the integral actions of a dislocation continuum
system. which are expressed both in the Lagrangian and in the Eulerian descriptions. respec-
tively. Then. based on these two equations. as the second step, we use six infinitesimal trans-
formations of both independent and dependent variables to obtain two sets of six specific con-
servation laws. These transformations are: time translation. material and spatial coordinate
translations: material and spatial coordinate rotation as well as rotation of distortion tensors in
the natural state. Finally. the duality principle is discussed in some detail between these two
sets of conservation equations. In particular. a conservation law called the gauge angular mo-
mentum conservation law due to free rotation of anholonomic coordinate frame of a material
body in the natural state is believed not to have been revealed before.

1. INTRODUCTION

Defect continuum mechanics, as an important developing branch of generalized con-
tinuum mechanics, aims at establishing a sound theoretical basis for exploring the elastic
and nonelastic behavior of materials with imperfections of various kinds. such as voids.
inclusions, inhomogeneities, microcracks, and dislocations, as well as disclinations. on
the microscopic and macroscopic levels. A great deal of progress in this field has been
made during the last three decades. As far as the dislocation continuum theory is
concerned, the most significant contributions, originally due to Kondo's work[!. 2].
are due to Kroner,|3, 4] and Bilby ¢t «l.|5, 6]. They found that the geometric structure
of a material manifold with dislocations can be closely related to Nonriemannian ge-
ometry. Since then, many papers have been published dealing with the theory of a
dislocation continuum (for instance, see Ref. |7-11}).

On the other hand, for a practical application, we nced to deal not only with the
geometric aspects of the theory, but with the dynamic equations. as well as the con-
servation laws governing the motion and deformation of dislocated media. As we know.
strong interest arose in the study of conservation laws for an elastic continuum since
Eshelby|12] introduced the concept of the force on an elastic singularity in terms of
an energy-momentum tensor. A. G. Herrmann|13] gave brief account of the history of
development in the study of conservation laws for an elastic continuum. These stud-
ies[14-17] were generally based on Nocther’s theorem. This theorem can be stated as
follows| I8]: If an action integral of a certain field continuum based on a Lagrangian
function satisfying Euler equations of motion remains infinitesimally invariant under
some small transformations of independent andlor field variables, there must exist
some conservation laws for the field corresponding to these transformations and the
number of conservation laws is just equal to that of the transformations. Furthermore,
within the framework of the large deformation theory, where the action integral can
be represented either in Lagrangian description or in Eulerian description. the duality
principle of conservation laws for both descriptions can be established using Noether’s
theorem|[19, 20].

t Visiting scholar, on leave from Institute of Mechanics. Chinese Academy of Sciences. Beijing. China.
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The purpose of the present article is to continue the study of the conservation laws
within the framework of nonlinear elastic dislocation continuum theory by combining
Nonriemannian geometry with Noether’s theorem. In Section 2, we shall briefly recall
some basic formulations for describing the motion and deformation of a material con-
tinuum with dislocations. We shall stress the fact that the distortion tensors are newly
defined in the Lagrangian description and in the Eulerian description in terms of vielbein
theory, which is often used in the theory of relativity and particle physics(21-23]. In
fact, introducing vielbeins to express the distortion tensor will result in some simpli-
fication in the theoretical derivation of these laws. In Section 3, we shall present a
proof of Noether’s theorem and then apply it simultaneously to the integral actions of
a dislocation continuum system to build up two basic equations of variational invari-
ance. These actions are expressed both in the Lagrangian and in the Eulerian descrip-
tions, respectively. In Section 4, based on these two fundamental equations, two sets
of conservation laws are obtained through six specific infinitesimal transformations of
both independent and dependent variables. They are: time translation; material and
spatial coordinate translations; material and spatial coordinate rotation as well as ro-
tation of distortion tensors in the natural state. In particular, the duality principle is
discussed in some detail between these two sets of conservation equations. A conser-
vation law called the ‘‘gauge angular momentum’’ conservation law due to free rotation
of anholonomic coordinate frame in the natural state is believed not to have been
discussed before.

2. GEOMETRIC DESCRIPTION OF MOTION AND DEFORMATION

The motion and deformation of a material body with continuously distributed dis-
locations can be described by three different states, namely the reference, the deformed,
and the natural states, respectively. Hereafter, we shall refer to them as the r-state,
the d-state, and the n-state. The position of any material point P in the r-state is de-
termined by the coordinates x* with the base vectors e, and the metric tensor

v = €y'e, 2.1)

in a Euclidian space E;, in which the material body is immersed. When the material
body is subjected to external forces from the outside, it moves and deforms from the
r-state to the d-state. Meanwhile, new dislocations might be created inside the body.
Using the two-point tensor method, (see Eringen ef al[24, 25]) the motion of the body
from the r-state to the d-state or from the d-state to the r-state can be determined by
the relations

yu = yu(x, 1) (226()
or their inverse relations
x* o= x*(y, t) (2.2b)

respectively, where a new coordinate system y“ with the base vectors e, and metric
tensor

Cun = €,°€p (23)

is introduced for the position of the point P in the d-state. Therefore, any incremental
vector

dR = e, dx* (2.4)

taken from the r-state between two material points with the coordinates x* and x* +
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dx* is transformed into
dr = dy“e, = yi dx* e, = h, dx* (2.5)
in the r-state, where we introduced the notation
o =8y’ hy=yie,, Ay = hoh (2.6)

to express, respectively, the displacement gradient and the comoving coordinate basc
vectors and the corresponding metric tensor. Similarly, using the inverse motion (2.1b),
we can also write dR in terms of dr as

dR = dx*e, = x} dy“ e, = h, dy* 2.7

where

.\’,",l = 3,,_\7", h, = x:teu, h,,;, = h(,'hh. (2.8)

As known from dislocation continuum theory[3, 4], the n-state of the material body
can be reached by cutting a very small volume spanned by three base vectors h,, in
the d-state off from its surroundings and releasing it from the constraints of these
surroundings. The process of cutting is described in terms of an affine transformation
A of the torn small material element, which is called the distortion tensor. As suggested
by Sedov|[7, 8], using Gibbs’ dyadic notation, this tensor can be written as

A = Ateh* (2.9)

where A¢ are the components of A and the index w is associated with the comoving
base vectors h,. Thus, the distortion tensor (2.9) can be seen as a transformation,
through which each line element dr in the d-state is mapped into

3R = A-dr = Ate,h,h, dx* = A% dx* e, (2.10)

where 3R represents a small line element in the n-state.

However, this way to describe the distortion tensor is not unique. As pointed out
by Gairola[26], each relaxed volume element can translate and rotate freely in the
n-state. Therefore, we may assume that each element is rotated in such a way that all
local frames with the base vectors e, and the anholonomic coordinates z4 become
parallel. Therefore, the local anholonomic frames are just the fragments of the global
Cartesian frame. Using the iocal base vectors e4, we may express A as

A= d),,,que" 2.11a)

with its inverse
A~ = dYee, (2.11b)

where ¢4 is called a vielbein in classic field theory[21]. ¢4 represents its contravariant
form. As pointed out by Duan and Zhang|[23], it is more basic and convenient to make
use of the vielbein tensor instead of the metric tensor in the study of energy-momentum
conservation law in the general theory of relativity. Based on a similar procedure, we
introduce here the vielbein tensor (2.11a) as a fundamental dependent variable to de-
scribe the conservation laws in a dislocation continuum. Thus, combining (2.10) with
(2.11a), we rewrite 3R in (2.10) as

SR = dz.e4 = b4 dy” €4 (2.12a)
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or in component forms
24 = dua dy' = Ale,, dxt. (2.12b)
Consequently, A4 and &4 are related to each other by
Ay = P%‘bm)’ﬁ- or dua = X:TA'J(’M (2.13)
where the notation
ch = e’-ey Con = €,€4 (2.14)
represent shifters from the y“-coordinate system to the 8z4-coordinate system.

On the other hand, from the view-point of Lagrangian representation, we may
define another affine transformation B by which the line element dR seen as a coun-
terpart of dr in the r-state is assumed to be mapped into the same line element 8R in
the n-state, i.e.

3R = B-dR. (2.15)

Therefore, in a similar way as we did above, this mapping B can be expressed in the
Gibbs’ dyadic notation as

B = Bie,h“. (2.16)
If we introduce another vielbein ¢4, B is expressed by
B = ¢ .eqe" (2.17a)
with its inverse
B™' = dheqe,. (2.17b)

Substituting (2.16) and (2.17) into (2.15) respectively, we may derive the following
relations between BY and ¢4 as

B = eidvaxi,  bua = yiBiews (2.18)
and
324 = Bhe s dy' = b4 dx* (2.19)
where
el = etey, Cun = €,°€4 (2.20)

represent the shifters from the x*-coordinate system to the 8z4-coordinate system.
Comparing (2.12b) with (2.19), we obtain

b = Aﬁ"lm = yidua = yuBlewa 2.21a)
and aiternatively
Gua = Ble,a = xhidua = xbhAlesa. (2.215)

Thus, it is seen that as soon as the motion (2.2a) or its inverse (2.2b) is determined,
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the vielbeins ¢4, .4 and the torsion tensors Ay and B! are equivalent to each other.
However, the index p appearing in A% and in ¢,.4 has a different meaning: the former
is associated with the comoving base vectors h,, but the latter with the fixed base
vectors e,. For the index a, the same situation holds for B and ¢..4 also.

Through the affine transformation A, the comoving base vectors h* and h,, are
transformed into

g. = Ah, = d.ues and g* = A™"h* = dhes (2.22)

respectively, and they represent a local curvilinear coordinate frame. The correspond-
ing metric tensor and the affine connection I'}, are defined by

gu.v = gu'gv (223)

and

og
ax

r:\LV = gA : ’: = d)kand)wd (224)

respectively. It is obvious that if the dislocations do exist inside the body, a space M
which is equipped with the metric g, and the torsion tensor

Tﬁv = rfwl (2.25)

is a non-Euclidian one. We may also prove from (2.13) that the corresponding Riemann-
Christoffel tensor Ry, is identically zero, i.e.

Rp.v}‘.’ = Za[p, r‘:]x - rﬁ)\ F‘J,, + I‘;ip I‘ﬁ;\ = 0. (226)

In other words, the Nonriemannian space M is flat.

In the study of dislocation continuum theory, it was an important discovery that
the torsion tensor defined in (2.25) is just a mathematical version of dislocation density.
If using the vielbein ¢,4, the dislocation density of the second order in Lagrangian
representation can be related to the torsion tensor T3, by

a* = e Ty = € ok duduia (2.27)
where €)° is the permutation symbol divided by Ve, where e = det(e,.).

On the other hand, in Eulerian representation where y“ and time ¢ are taken as
independent variables, the local comoving base vectors are

gu = B'h, = d),,AeA and g" = B_l'h“ = cbﬂeA. (2.28)
We can also define a non-Euclidian space M equipped with the metric tensor
Bab = gu'gb = ¢uA¢hA' (229)

Similarily, the affine connection I'%,. and the torsion tensor T§. of the space M are given
by

a
ry =g ﬁ = $%apben 2.30)

m(‘ = F{lb(']

respectively. Obviously, the torsion tensor T, is antisymmetric in the indices ¢ and
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b. We may also prove from (2.28) that the corresponding Riemann-Christoffel tensor
is identically zero also, that is,

R:{h( = zalﬂ FZ]( - T:I(r%( + r:{«-r;;( = 0- (23])

It means that the Nonriemannian space A is flat also.

In the Eulerian description, the dislocation density of the second order can be
defined as

o’ = € The = €5 Ohdiusern (2.32)
where €% is the permutation symbol in the y“-coordinate system. Obviously the dis-
location densities a“” and a*” are related to each other by the coordinate transfor-
mations (2.2a) or (2.2b), i.e.

at® = yayhahv. o = xbxhact (2.33)

3. NOETHER'S THEOREM AND EQUATIONS OF VARIATIONAL INVARIANCE

3.1 Noether's theorem
Let us consider the following action integral

¥4 = fb Lz WAL W, W) d 3.1

taken over a bounded or unbounded region E; in space. In (3.1), L represents a La-
grangian density depending on the field variables W# and their first and second deriv-
atives W2 and ¥4/ with respect to z; in 4-dimensional Euclidean space. We should
notice that the dependent variables W*' (4, = A,, A2, . . .) with the generalized indices
Ay, A2, . .., might be scalar, vector, or tensor-valued fields.

As we know, the variational Euler equations of motion following from 8/ = 0 in
(3.1) for the problem with fixed boundaries are

aL ] oL 82 aL
B —— — + = s L= . .
E(L) v (a\yz") PR <8‘1’i‘,’) 0 k,1=10,1,2,3). (3.2)

For the action integral (3.1), we introduce the small transformations of dependent
and independent variables as

= u + du k=20,1,23) (3.3)
and
PA(7) = ¥A(2) + s (3.4)

where 3z; and d¥* represent the variations of z; and ¥*', respectively. With these
transformations, the action integral (3.1) changes into

1) = fz LG, T, Tpr, Tfy) d* 2. (3.5)

From (3.3) and (3.4), we may calculate

PA(3) = WA(2) + 8, V4 + Wiidz + 0O(8z°%)

Ppi(z) = W2) + 8, Wi + Widz + 0(32%) (3.6)
WD) = V() + 84¥8 + Viindz, + 082
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with ¥¢;, representing the third derivatives of ¥** with respect to z; and &, mcans a
variational operator only due to the transformation of field variables ¥ themselves.
1.c.

B W = Wh(o) — W)

Sy Wi

Pz - V) (3.7)

8.V = V(o) — V2.

In addition, the new volume element d*Z becomes
dz = [1 + Gun]d*z. (3.8)

Substituting (3.6) and (3.8) into (3.5) and making use of Taylor series expansion tech-
nique, after some algebraic manipulation, we obtain

1) = 1 + fb LE(L)3, W™ + ViF] d* 2 + 062 (3.9)

where the operator E on L is given in (3.2), V, means a 4-D divergence operator and
Fy is expressed by

oL a d d
F = Bk,az,+[ - ( L )]W'+ OL syp — L yase 3.10)

g 0z 6‘1’1‘,‘ a\lff/ 6‘1’2‘1’
with
oL oL oL
By = Ldy — — V4 + V, [ ——) ¥ - A .
. M awp (awg‘,',,) Vi = oy Yo 3.1

From (3.9), we come to the conclusion: if the fields W* (A, = A, 4.. . . .) salisfy the
corresponding Euler equations (3.2), then the functional (3.1) remains infinitesimally
invariant at W under the small transformations (3.3) and (3.4) if and only if ¥* also
satisfies

V/\Fk = 0 (3]2)

Equation (3.12) which we call the equation of variational invariance, is the mathematical
version of the celebrated Noether’s theorem.

In what follows, we shall apply this basic formalism (3.12) to derive the conser-
vation laws for the elastic dislocation continuum by means of both Lagrangian and

Eulerian representations, and discuss the duality principle of these two sets of con-
servation laws,

3.2 Variational formulation for a dislocation continuum

Generally speaking, a material body containing a large number of moving dislo-
cations could not possibly be considered as a conservative system. During the motion
of dislocations, the macroscopic plastic deformation takes place as an irreversible
thermo-mechanical process and the plastic work done by stresses is irreversibly con-
verted into the thermal energy. which will lead to the evident increase of temperature
inside the body. Meanwhile, other irreversible effects, due to heat conduction and
viscous dissipation are, in general, involved. In this sense, the conservation laws which
are valid for the perfect elastic medium no longer exist for the medium considered
here. However, if the deformation which occurs in the material is not large so that all
the irreversible effects can be ignored, i.e. the variations of entropy and temperature
inside body are not significant, the conservation relations can be established within the
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framework of elastic dislocation continuum theory. as was done for a perfect elastic
medium[ 18, 19].

In the following derivation, for simplicity, the coordinates x* and »“ are always
assumed to be rectilinear. Thus, in Langrangian representation, we assume in (3.1) that

0 =1, U= Xy k=p=12.3 (3.13)

and the fields ¥** are given by

, A,
\l”A' = Ya i
{Cbom A;

A] =da
A = pA.
If the Lagrangian function of the system is assumed to depend not only on macroscopic

kinetic and elastic strain energies but also on dislocation density, as well as its time
derivative, then it takes the general form

(3.14)

L = L(-xp.' ’, yu’ )"us yuu.s d)u.Aa d')uA’ (bp.Avv &;}.Al') (3-15)
with the notations
_ ad’uA 6¢MA H _ azd)uA
bus = — Puar = 5= duaw = o (3.16)

The Euler equations of motion corresponding to (3.2) are

o fa]_afa]
¥a  Oxu | OYan ot { 8y (3.17)

oL s [ aL ] @ aL_a(aL>
dbua  Oox, | dbuav]| 9 [0bua  ox, \dbua.) |

For the following small transformations of x,,. ¢, y,. and &,

-
T
it

Xy + dx,

-~
!

=t + &t (3.18)
y{l = )Yll + 8)’“

$M = dua + Obua
eqn (3.12) is specified in the form

aL

9
Py {eSt + bu.dx, + Padys + Spadbua + /— s

¢Mv(8xx)u}

d
+ a—X- {euSI + buvaxv + Puusya + stuSd)vA + = aL 8¢uA} = 0 (319)

"y ¢VA..L

where the following abbreviations were introduced

oL . d oL aL aL
e=L - — Ya + | ¥ - oA o
3}'u Y [axp. (ad)uAu) ad)oA] d) 4 ad)uAp. ¢ an

o= oL +[9_( oL )_ oL ]d, _L
¥ 3)’".; y" al a¢aAu. ad)aAu oA ad’oAu o4 (3200)
aL d aL aL oL
b, = a - H - 3 o = T DA
* ayu 39 T [axv (acboAv) a¢vAv] ¢ e ad)oAv (b A

aL d oL aL
b y=ELS, - — Yt | = H - o - .
g L g ayau Yan [a’ (ad)aAv) acb(rAv] d) an a¢(!ApL d> an

II
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as well as

P‘,Ei-i[&]

Ve ax, | 0Vun
oL 9 [ aL ]
Puu =T - = .
a0 | OYap (3.20b)
s oL 1[ oL ]
A 6¢W‘ a.\'], a¢)p_Av
o oL afaL
AT a0 | 0duan |
Similarily, in Eulerian representation, we assume in (3.1) that
=1t u=y. Kk=a=12173) (3.21)
and
A ) Xu A=A = p
o= {dm A, = Az = aA. (3.2

Here we have used the notation ®*' to replace ¥*' in the Eulerian representation and
the Lagrangian density takes the form

2 = g(yll' I .x“_, X}L' -xpulv d)uAv (buAs ¢11Ahv éuAh)- (3'23)

The Euler equations of motion corresponding to (3.2) are expressed by

8L 9y | _ 9o
X,  Va [ 0Xpa ot | dx,,

(3.24)
3 __g_[asz]_i[asz __a_(a&e)]
a¢t:A ayb a‘buAh ot ad)aA 3}’b ad)aAb '
With the small transformations of y,, f, x,., and ¢.4 as given by
Ya = Yu + Oy,
=1+ 8 (3.25)
Xp = xo + dx,
T¢'(IA = d)uA + 8¢(:A
the eqn (3.12) is also specified in the form
d oL
— q Edt + pusyn + Bp.a-xu + S(/A8¢:1A + ¢('Ab(8y(-)u
at a¢uAb
] . .
+ — S E. 8t + p.pdys + Bu.dxy + Spaudbpa + = ddbapr =0 (3.26)
d « ad)hAu

where we introduced the following abbreviations

0L . d N4 & | . ¥ .
E= -(E - a Hu * [aya (ad)rAu> a(j)('f‘] ¢‘.A ad')('Au ¢(‘Au
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o 0 ad 0.f . 1700 -
E‘,Ea .ru+[7<,» )—,( ]Q,\“T"“d’m
X al d(b( Aa d‘b( Aa o d): Aa (3 274
oL é af L i
«a= T T X | T _ i cAa T TR QiAba
P X, . [ﬁ_\'/, <r7<b¢ A/;) dd)(f\:l Oe b, an ben
ad. a [ o oy a9 .
ll)Et(j-/’S{I)_‘—-r a T _( ) - boaw — beau
Pat ! 5.\’M/, . l:af d(b“q/, ad)“q/, 4 a‘beb 4
as well as
o d 0¥
Bo=—7—7-—1i=
Xy OVe { X
g =& 0 [a:s]
S T AT [T (3.27h)
oF o AP
Su/\ = P - T -1
odaa vy | dbaan
0¥ d o
S(IAI) = . - . -1 )
dd)uA/) at dd)uAh

In comparing (3.19) to (3.26), we observe that these two equations of variational
invariance are dual in form, where the role of x, and y, is merely interchanged. Using
these two basic equations, the conservation laws of various kinds can be derived using
the duality principle of conservation laws as illustrated below.

4. CONSERVATION LAWS AND THEIR DUALITY PRINCIPLE

A. G. Herrmann[13, 19] discussed in some detail the conservation laws and their
principle of duality in elastic continua in terms of an alternate and simpler procedure.
The results have been extended to finite elastic medium by Duan and G. Herrmann{19].
They showed that if the same kind of specific transformation of either independent or
dependent variables which can keep both the action integrals infinitesimally invariant
is applied simultaneously to the basic Lagrangian and Eulerian conservation equations
(3.19) and (3.26), one can obtain the corresponding specific conservation laws. These
laws are expressed in different mathematical forms but contain the same physical in-
formation, therefore they are dual. Now, following this rule and using the Cartesian
coordinates for x, and y,, we shall discuss the duality principle of conservation laws
in a dislocation continuum in terms of vielbein theory.

Time translation and energy conservation law
The time translation can be expressed in the form

& = ¢, dx, =0, 3y = 8bus =0 4.1)
in Lagrangian representation and
o = ¢, 3y, = 0, ox, = 8,4 =0 (4.2)

in Eulerian representation, where €, is a small time parameter. Substituting (4.1) and
(4.2) into (3.19) and (3.26) respectively, we obtain

ot 09X,

0 (4.3a)

and
-(’j_E_ aEll

—< = 0. (4.3b)
ot Y
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These two equations are known as the dual forms of the energy conservation laws,
which hold true if both Lagrangians £ and ¥ do not depend on 1 explicitly.

Translation of material coordinate frame and material momentum conservation law

Let

ot

0, dx, =€, (4.4)

in (3.19) and (3.26), where €, arc three small parameters of the same order. Since the
translation of the coordinate x,, does not make any changes in y,, and ¢4, we have

80 = 8bur = 0 (.3)

in (3.19) and

8."11 = a(buA = 0 (46)

in (3.26). Substituting (4.4) and (4.5) into (3.19) and (3.26) respectively, we obtain

by by o (4.7a)
ot oy,

Similarily,
d'ﬁ + ‘)'Bp.u =0. (4.7b)
ot d_"u

These two equations respresent the material momentum conservation laws and are dual
to each other. As shown for a perfect elastic continuum, these conservation laws play
an important role in elastic fracture mechanics in determining J-integrals and they hold
true if and only if the Lagrangians L and ¥ do not depend on x* explicitly.

Translation of spatiul coordinates frame and physical momentum conservation law

In classical physics. it is known that the translation of space coordinates y, leads
to linear momentum conservation laws. This also holds true in dislocation continuum
mechanics. To show this, let us assume

8t = 0, Sy, = €, (4.8)

in (3.19) and (3.26), respectively, where €, are three small parameters. For the same
reason as presented above, translation of spatial coordinate frame does not make any
change in x, and &, Or &4, therefore, we have from (3.19) and (3.26) that

dv, = 0, ob,4 =0 (4.9)
and
v, = 0, 3d.4 = 0. (4.10)

Substitution of (4.8) and (4.9) into (3.19) leads to the following physical momentum
conservation law in Lagrangian representation,

oP, + P,

- — = 0. 4.11a)
ot oxX,
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Similarily, we obtain

2{2“'+(-{Eﬂ=0, 4.11b6)

af Y
which represents the physical momentum conservation law in Eulerian representation.
In fact, equations (4.11a) and (4.11b) are the dual forms of the physical momentum
conservation laws and hold true if and only if the Lagrangians L and £ do not depend
on y, explicitly.

If we compare the expressions for b, and b,., in (3.20);_4 with the expressions for
Pa and p,p in (3.27);.4, we may see that b, and b,, are related to x, and ¢4 in the
same fashion as p, and p,,, are related to y, and ¢,.4. This comparison is also confirmed
for B,, B,.. and P,, P,.. We call b,, b,, (or B,, B,,) the material momenta and p,,,
Pas (OF P,, P,,) the physical momenta. The material momenta are independent of the
physical momenta, therefore, the conservation laws (4.74,b) by no means imply thé
conservation equations (4.11a,b) and vice versa.

Rotation of material coordinate frame and material angular momentum

conservation laws
The small rotation of a material coordinate frame can be expressed by

Bxp. = Euv}\ Qy Xa, (4.15)

where €,,, is the permutation symbol, and a, are the three small arbitrarily chosen
parameters. If we introduce the notation

a(dx,)
Bxp)\ = 6.\’: = epv)\ Qy (4.16)
by which any physical quantity f,, . having indices u, v, . . . is transformed to
8fp,v... = axu)\f)\v... + va)\fp.)\.” + ... (417‘1)

Applying the rule (4.17a) to the vielbein transformations 84,4, we obtain

8¢u.A = axuvd)vA» 8(j:’p.A = sxuvd)vA- (417b)

Substituting (4.17a,b) into (3.19), we obtain

My Mgy
v + ——1 =0, 4.18
Eua ( at ox, ) 0 (4.184)

where the notation m,, and m,,.

my, = bnx,, + st)vA + L d)M-A)\ (4‘9)
ad)wﬂ}\
and
: aL .
mup.v = bup.xv + sMud)vA + ¢vA (4'20)
6¢M(r

represent the material angular momentum.

In Eulerian representation, x, are treated as dependent variables, therefore, the
rotation of coordinates x, cannot make any change in the vielbein &.4 and y,. Sub-
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stitution of (4.15) into (3.25) leads to

aM W aM vl
e( Lo s T) - 0. (4.18b)
where
M,. = Bux,, M, i = Buax,. (4.21)

Equations (4.18a) and (4.18b) represent the dual forms of material angular mo-
mentum conservation faw. Equations (4.18a) take on a complicated form, but (4.185)
is rather simple.

Rotation of space coordinate frame and conservation laws of physical angular
momentum

The physical moment of momentum conservation law can be derived in the same

way as we derived (4.18a,b) by applying the small rotation transformation of space
coordinates y,,

8)’11 = €ube Qp )'(- (422)

to the eqns (3.19) and (3.26). This conservation law is expressed either by

am ., ] «
€ube M + Myt = 0 (423(‘)
ot ax,

in the Lagrangian representation or by

€ane (aM"” + M) =0 (4.23b)
at ayy

in the Eulerian representation, where

Mayp = Pu)’hv muub = Pnp.yh (4-24)
and
o
Muh = Payp t+ S(:A¢bA + + = ¢uA(' (425)
a¢hA¢'
oL .
Muww = Paayp + Saaadsa + T doa (4.26)
ad)uAd

Rotation of local anholonomic coordinate frame and gauge angular momentum

In dealing with the conservation laws for a dislocation continuum, a question arises:
except for the conservation laws derived above, does there exist another kind of con-
servation law which is related to local coordinate transformation of the material body
in the n-state? As we stated above, each relaxed volume element in the n-state can
rotate freely without leading to any change of the Lagrangian of the system. Therefore,
instead of the rotation of the relaxed element, we may also introduce a small rotation
transformation of local anholonomic coordinate frame as

824 = €ancasdzc, (4.27)

where ac are small parameters. This rotation should not lead to any change of the
Lagrangian of the system. Using the same rule as given in (4.17a), the variations of
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vielbein and its derivatives are given by
Bd);m = EAH(‘qu)p("

dbur = €ancasduc (4.28)

8¢ww = GAIK‘(III(bu('v
Sd)Mv = EABCaBdJu(‘v-
Since the rotation of the local anholonomic coordinate system is independent of the

coordinates x,, or y, and does not change in the indices p. and a, under this transfor-
mation (4.27), we have, therefore,

ot = dx, = ¥y, = 0. (4.29)
Substituting (4.28) and (4.29) into (3.19), we find the following conservation equations

i, ad oL .
€qLC [E (Sp.Ad)p.C) + 5\'—‘, (SMvdJuC + m ¢MC>:] = 0. (430(1)

In a very similar way, under the transformation (4.27), egns (3.26) reduce to

! a‘b bAG

o

d d £ .
€aLC [& (Swaduc) + P (S/)Aud)hc‘ + d)b(')] =0 (4.30b)

in the Eulerian representation.

Finally, we should notice here that since the transformation (4.27) is independent
of time and point coordinates, regardless of whether or not the Lagrangian function L
or ¥ depends on time or the coordinates explicitly, the ‘‘gauge angular momentum”’
conservation laws (4.30«) and (4.31h) always hold true. In a separate study, we shall
further discuss the physical meaning of this conservation law.

5. CONCLUDING REMARKS

Combining the vielbein theory of dislocations with Noether's theorem, an effective
mcthod is presented to deal with conservation laws and their duality principles in such
media. Besides the conventional conservation laws derived from the time translation
and translation and rotation of material and spatial coordinate frames, the procedure
yields an additional conservation law termed the *‘gauge angular momentum’ conser-
vation law by employing a small rotation of the local coordinate frame to the variational
invariance equations. When there are no dislocations inside the body, all conservation
laws derived above will reduce to those studied extensively in elastic (linear or non-
linear) continuaf 15-18]. In other words, the results given in the study can be considered
as a natural extension of the elastic continuum theory to dislocation continuum theory.

All conservation laws are expressed in 4-dimensional divergence-free forms. For
the static problem, the conservation laws can be represented through so-called path-
independent integral forms which are of major importance in the study of defect and
fracture mechanics. In this study, we did not mention any specific forms of the La-
grangian functions. We would like to point out here, however, that any physical quan-
tities appearing in the Lagrangian must remain not only covariant with respect to co-
ordinate transformations but invariant with respect to local coordinate transformations
as well. Following this principle, the elastic strain tensor, dislocation density tensors
and their time differentials are suggested to be such proper quantities. Once the La-
grangian of a dislocation continuum system is given in a specific form, all the above
derived conservation laws can be written in their specific form. In a separate study,
we shall discuss this issue in some detail, where special attention will be given to the
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problem of determining the dependence of the Lagrangian on its determining parameters
and the practical application of path-independent integrals based on conservation laws.
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